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The paper deals with a dynamical system analysis related to phantom cosmological
model . Here gravity is coupled to phantom scalar field having scalar coupling function
and a potential. The field equations are reduced to an autonomous dynamical system
by a suitable redefinition of the basic variables and assuming some suitable form of the
potential function. Finally, critical points are evaluated, their nature have been analyzed
and corresponding cosmological scenario has been discussed.
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2I. INTRODUCTION
The standard cosmology seems to overcome the blow due to recent observational evidences [1,2] by
introducing an exotic matter [3] having large negative pressure - the dark energy (DE). Cosmological
constant [4-8] is the natural choice as DE but it is not well accepted due to its extreme fine tuning and
coincidence problem [9]. As a result, it is natural to consider dynamical DE having (negative) variable
equations of state [10]. People have gone one step further to consider matter with the equation of state
parameter w < −1 which is not ruled out by observational data and moreover necessary to describe
the current acceleration of the universe. Such a model is known as phantom [ 11] DE model whose
various aspects have been studied in [12-15].
However, despite of a lot of works (for reviews see the references 3,7, 8 and 16) still we are completely
in the dark about the source of the DE, it is only characterized by its negative pressure. Although
the ΛCDM model suggests the accelaration as a final stage but there is no priori reason why the
acceleration of the universe will be the final stage. Other DE models may have different fate of
the universe. In particular, in phantom DE model the energy density may increase with time while
Hubble parameter and the curvature diverges in finite time and the final fate of the universe is a big-rip
singularity [12, 13, 17]. In the present paper, we consider a phantom model of the universe, where
gravity is coupled to a scalar field with a scalar coupling function and a potential. The basic equations
are presented in section II and also the evolution equations are converted into an autonomous system
by suitable transformation of the basic variables. Section III and IV deals with the analysis of the
critical points of the system for 3D and 2D respectively while stability criteria for the system has been
studied in section V. Cosmological implications of the equilibrium points has been discussed in section
VI. Finally, there are short discussion and concluding remarks in section VII.
II. BASIC EQUATIONS
The equation of a scalrar field coupled to gravity with coupling parameter, a function of the scalar
field φ has the form
A =
∫
d4x
√−g [ R
2k2
− 1
2
λ(φ)gµν(∇µφ)(∇νφ)− V (φ)] + Sm (1)
where k2 = 8piG is the gravitational coupling, λ(φ), the coupling parameter is chosen as an arbitrary
function of φ, V (φ) is the potential of the scalar field and Sm is the action of the matter field which is
chosen as the cold dark matter (DM) in the form of dust. For flat FRW model, if we vary the action
3with respect to the metric then we have the Einstein equations:
H2 =
k2
3
(ρm + ρφ), and H˙ = −k
2
2
(ρm + ρφ + pφ), (2)
where
ρφ =
1
2
λ(φ)φ˙2 + V (φ) and pφ =
1
2
λ(φ)φ˙2 − V (φ) (3)
are respectively the energy density and thermodynamic pressure of the scalar field. It is assumed that
the scalar field does not interact with cold DM and the energy conservation relations take the form
˙ρm + 3Hρm = 0 (4)
ρ˙φ + 3H(ρφ + pφ) = 0 (5)
i.e the scalar field satisfies the evolution equation
λ(φ)φ¨+
1
2
λ′(φ)φ˙2 + 3Hλ(φ)φ˙ +
∂V
∂φ
= 0 (6)
As the evolution equations (i.e equations (2) and (6)) are non-linear and complicated in form so
we shall discuss the cosmological evolution through qualitative analysis i.e we shall transform the
evolution equations into an autonomous dynamical system to perform the phase space and stability
analysis by introducing the auxiliary variables x and y [3, 18-21].
In general, the cosmological equations of motion reduce to a self-autonomous system :
−→
X
′
=
−→
f (
−→
X ) where the column vector
−→
X is constituted by the auxiliary variables and
−→
f (
−→
X ) is
the corresponding column vector of the autonomous system and prime denotes differentiation with
respect to logarithm of scale factor. The critical points
−→
Xc are obtained from
−→
X
′
= 0 i.e
−→
f (
−→
Xc) = 0.
In order to study the stability criteria of the equilibrium (i.e critical) points, we use the 1st order
perturbation technique and obtain the matrix equation
−→
U
′
=M
−→
U where the column vector
−→
U denotes
the perturbation of the variables and matrix M contains the coefficients of the perturbation equations.
Then the eigen values of M characterize the nature of the critical point and the stability is determined
by the conditions : TrM < 0 and detM > 0.
In the present problem the auxiliary variables are defined as [19]
x =
√
λ(φ)√
6H
φ˙ , y =
√
V (φ)√
3H
and z =
√
6
φ
(7)
Then the first Friedman equation in (2) shows the interrelation between the new variables x and y
as
x2 + y2 +Ωm = 1 (8)
4where Ωm =
ρm
3H2 is the usual density parameter for cold dark matter. Further, using these new
variables the above evolution equations can be written as
x′ = 32x(x
2 − y2 − 1)− α1(z)y2
y′ = y[α1(z)x+
3
2
(x2 − y2 + 1)] (9)
and z′ = − xz2√
λ1(z)
where α1(z) = α(φ) =
√
3
2
V ′(φ)
V (φ)
√
λ(φ)
and λ1(z) = λ(φ).
Note that the above first order system of non-linear differential equations (9) can be considered as a
3D autonomous system. In the following section we shall study the autonomous system with some
specific choice of the potential V (φ)(exponential) and the coupling function λ(φ) (exponential and
power law).
The effective equation of state for the scalar field (i.e pφ = (νφ − 1)ρφ) is given by
νφ =
2x2
x2 + y2
(10)
and the net effective equation of state ( ωeff ) has the expression
ωeff =
pφ
ρφ + ρm
= x2 − y2 (11)
For cosmic acceleration ωeff < −13 is required. The density parameter for the scalar field has the
expression
Ωφ =
ρφ
3H2
= x2 + y2 (12)
It should be noted that the physical region in the phase plane is constrained by the requirement that
the energy density be non-negative i.e Ωm ≥ 0. So equation (8) restricts the dependent variables x
and y to be on the circular cylinder x2 + y2 ≤ 1. Further, geometrically equation (8) represents a
paraboloid in (Ωm, x, y)-state space and it is possible to divide the 3D-state space into the following
invariant sets:
A : Ωm > 0 and x
2 + y2 < 1, non-vacuum 2D
B : Ωm = 0 and x
2 + y2 = 1, no fluid matter 1D
III. ANALYSIS OF CRITICAL POINTS : 3D AUTONOMOUS SYSTEM
A. Exponential potential and exponential coupling function
Here we choose
V (φ) = V0e
µ(φ) and λ(φ) = λ0e
νφ (13)
5Then the autonomous system (9) becomes
x′ = 32x(x
2 − y2 − 1)− α0y2e−
b
z
y′ = y[α0e−
b
z x+
3
2
(x2 − y2 + 1)] (14)
and z′ = −xz2e−
b
z√
λ0
with α0 =
√
3
2λ0
µ and b =
√
3
2ν .
The critical points of the present autonomous system are C1(0, 0, 0), C2(0, 1, 0), C3(0,−1, 0), C4(1, 0, 0),
C5(−1, 0, 0) and C6(0, 0, z).
The 3x3 matrix for linearized perturbation is given by
A =


9
2x
2
c − 32y2c − 32 − 3ycxc − 2α0yce−
b
zc
b
z2c
α0y
2
ce
− b
zc
3ycxc + α0yce
− b
zc α0xce
− b
zc + 32((x
2
c + 1)− 92y2c − bz2c α0xcyce
− b
zc
− z2c√
λ0
e
− b
zc 0 − x√
λ0
e
− b
zc (b+ 2zc)


where (xc, yc, zc) is an equilibrium (critical) point of the above autonomous system. As at least one of
the eigen values for each critical point is zero so all are non-hyperbolic in nature. Hence we can not
investigate the local stability of the system , only we can find the dimension of the stable manifold
( if exists) by applying the centre manifold theorem [22,23]. Table I shows the critical points and
information regarding them.
From table I we find that the points C1 and C6 indicate that universe is completely dominated by dark
matter and late time acceleration is not possible . They correspond to flat non accelerating universe
completely dominated by dark matter having only one stable manifold. C2 have stable manifold of
2D and represents De-Sitter accelerating universe completely dominated by dark energy. C3 denotes
contracting universe ( y < 0 ) so physically not meaningful. C4 and C5 does not have stable manifold.
Both are dominated by dark energy. None of the above points match with the observations and can
not solve coincidence problem.
B. Exponential potential and power law coupling parameter
For the choice V (φ) = V0e
µ(φ) and λ(φ) = λ0φ
n, (V0, λ0 and n as constant ), the autonomous
system (9) becomes
6TABLE I. Equilibrium points, related parameters and Eigen values
Equilibrium point x y z Ωm Ωφ ωeff Stable manifold Eigen Values
C1 0 0 0 1 0 0 1D 0,
3
2
,− 3
2
C2 0 1 0 0 1 -1 2D 0,−3,−3
C3 0 -1 0 0 1 -1 2D 0,−3,−3
C4 1 0 0 0 1 1 no stable mani-
fold
0, 3, 3
C5 -1 0 0 0 1 1 no stable mani-
fold
0, 3, 3
C6 0 0 z 1 0 0 1 D 0,− 32 , 32
x′ = 32x(x
2 − y2 − 1)− α2y2z
n
2
y′ = y[α2z
n
2 x+
3
2
(x2 − y2 + 1)] (15)
and z′ = −λ2xz2+
n
2
with α2 = α06
−n
4 and λ2 = 6
−n
4
1√
λ0
.
Here also Ci, i = 1, 2, ...6 are the critical points of the autonomous system (15).
The linearized perturbation matrix for the above autonomous system takes the form
A =


9
2x
2
c − 32y2c − 32 − 3ycxc − 2α2ycz
n
2
c − n2α2y2cz
n
2
−1
c
3ycxc + α2ycz
n
2
c α2xcz
n
2
c +
3
2(x
2
c + 1)− 92y2c n2α2xcycz
n
2
−1
c
−λ2z
n
2
+2
c 0 −(n2 + 2)λ2xcz
n
2
+1
c


As before the critical points are non-hyperbolic in nature . Thus all the critical points are same as
case A (given by table I) and the implications are also same as case A.
IV. ANALYSIS OF CRITICAL POINTS : 2D AUTONOMOUS SYSTEM
If the potential function V (φ) and the coupling function λ(φ) are chosen such that α(φ) is either
a constant or a function of x or y (or both) then we have 2D autonomous system as
x′ = 32x(x
2 − y2 − 1)− α(φ)y2
y′ = y[α(φ)x+
3
2
(x2 − y2 + 1)] (16)
Auxiliary variable z is not considered here. We shall now analyze this autonomous system for some
choices of V (φ) and λ(φ) so that
i) α is a constant , ii) α = 12x and iii) α = − 12x
7TABLE II. Equilibrium points with their nature
Equilibrium point x y Ωm Ωφ νφ Nature
E1 0 0 1 0 undefined saddle point
E2 1 0 0 1 2 saddle if α < −3, unstable node
if α > −3
E3 -1 0 0 1 2 saddle if α > 3, unstable node
if α < 3
E4 −α3
√
1− α2
9
0 1 2α
2
9
stable node if α2 < 9
2
, saddle
point if 9
2
< α2 < 9
E5 −α3 −
√
1− α2
9
0 1 2α
2
9
stable node if α2 < 9
2
, saddle
point if 9
2
< α2 < 9
E6 − 32α 32α 1− 92α2 92α2 1 saddle point if α < ± 3√2 , stable
node if 9
2
< α2 ≤ 36
7
, stable focus
if α2 > 36
7
E7 − 32α − 32α 1− 92α2 92α2 1 saddle point if α < ± 3√2 , stable
node if 9
2
< α2 ≤ 36
7
, stable focus
if α2 > 36
7
A. α is a constant
In this case the potential function of the scalar field and the coupling function λ(φ) are related by
the relation:
V (φ) = V0 exp [
√
2
3
α
∫ √
λ(φ)dφ ] (17)
with V0 , a constant of integration. This inter relation between V (φ) and λ(φ) is possible for the
following realistic choices of the potential function
a)V (φ) = V0e
µφ, λ(φ) = constant
b) V (φ) = V0exp[
√
2λ0
3
α
l+1φ
l+1], λ(φ) = λ0φ
2l, (l 6= −1)
c) V (φ) = V0φ
√
2λ0
3
α
, λ(φ) = λ0
φ2
.
Thus both exponential and power law form of potential is possible for this choice of α.
In this case the above autonomous system (16) has seven critical points which are presented in table
II and are discussed below:
Equilibrium point E1 : x = 0, y = 0
The physical parameters namely Ωm,Ωφ, and νφ are presented in table II. As Ωφ = 0 ( i.e Ωm = 1)
so the universe is completely dominated by dark matter. Note that in this case νφ is completely
unspecified and the results hold independently of its value.
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FIG. 1. Direction field for the system given by
(16) when α = 1, critical points (see table II) are
indicated by different coloured arrows and nearby
regions are circled. E1,E6,E7 are saddle point (red
arrow), E4,E5 stable node (green arrow), E2,E3
unstable node (black arrow).
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FIG. 2. Direction field for the system given by(16)
when α = 2.2. Red arrow indicates saddle point
(E1, E4, E5), black arrow unstable node (E2,E3),
green arrow stable node (E6, E7).(see table II)
Equilibrium point E2 : x = 1, y = 0 and E3 : x = −1, y = 0
E2 corresponds to scalar field dominated universe with values of the cosmological parameter in table
II. The scalar field behaves as relativistic stiff fluid. The equilibrium point E3 represents the same
epoch with identical values of the cosmological parameters.
Equilibrium point E4 : x = −α3 , y =
√
1− α29 and E5 : x = −α3 , y = −
√
1− α29
To have these critical points to be realistic, α is restricted to be −3 < α < 3. The values of the
cosmological parameters shown in table II, indicate that they have identical behaviour and both
correspond to scalar field dominated universe (DM is absent). Further, the scalar field behaves as a
perfect fluid and depending on the various choices of α , critical points correspond to universe from
radiation era to Λ-CDM model.
Equilibrium point E6 : x = − 32α , y = 32α and E7 : x = − 32α , y = − 32α
Here phantom scalar field behaves as dust. So essentially, both the points represent universe dominated
by dark matter.
The critical points ( given in table II ) and direction field near those critical points are given in Fig 1
and Fig 2 for two different values of α.
B. α = 1
2x
This choice of α gives the scalar potential a simple form
V = V0a (18)
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FIG. 3. Direction field for the system given by (9) when α = − 1
2x
. Critical points (see table III) are indicated
by arrows. E8, E9 unstable node (black arrow), E10, E11, E12, E13 stable node (green arrow). x = 0 is non
allowable region.
where ’a’ is the scale factor of the FRW space-time metric. This choice of V will be realistic if ’a’is a
function of φ . In particular, for exponential potential i.e V (φ) = V0e
µφ the newly defined variable x
turns out to be proportional to
√
λ(φ) , while for power law form of the potential function x ∝ φ√λ(φ).
In this case, the autonomous system (9) now simplifies to
x′ = 32x(x
2 − y2 − 1)− y22x
y′ =
y
2
[4 + 3(x2 − y2) (19)
It is easy to see that (1, 0) and (−1, 0) are the only equilibrium points of the above mentioned
autonomous system and both are unstable node in nature. Here both the equilibrium points correspond
to massless scalar field or equivalently stiff fluid model.
C. α = − 1
2x
This choice of α also corresponds to a simple form of the scalar potential as
V =
V0
a
(20)
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TABLE III. Equilibrium points, their nature and values of physical parameters for α = − 1
2x
Equilibrium point x y Ωm Ωφ νφ Nature
E8 1 0 0 1 2 unstable node
E9 -1 0 0 1 2 unstable node
E10
1√
6
√
5
6
0 1 1
3
stable node
E11 − 1√
6
√
5
6
0 1 1
3
stable node
E12
1√
6
−
√
5
6
0 1 1
3
stable node
E13 − 1√
6
−
√
5
6
0 1 1
3
stable node
The autonomous system (16) now has six critical points which are given in table III. From the table,
it is found that all the equilibrium points are purely dominated by dark energy scalar field. For the
first two equilibrium points (which are unstable node) the scalar field represents ultra relativistic stiff
fluid while remaining four equilibrium points are stable node and they represent accelerating universe
in quintessence era and the scalar field behaves as a perfect fluid. Critical points and direction field
near those points are shown in Fig 3.
V. STABILITY CRITERIA AND EQUILIBRIUM POINTS
For the present 2D autonomous system the local stability criteria of an equilibrium point is char-
acterized by the eigen values of the perturbation matrix. In fact, the table IV shows the explicit
criteria for the linear stability of the equilibrium points. We shall now investigate the classical as well
as quantum stability of the model.
In cosmological perturbations C2s appears as a coefficient of the term
k2
a2
( k is the comoving
momentum and ’a’ is the usual scale factor) and classical fluctuations may be considered to be stable
when C2s is positive. For the quantum instabilities at UV scale we decompose the scalar field into a
homogeneous part (φ0) and a fluctuation as
φ(t, x) = φ0(t) + δφ(t, x).
Then by expanding the pressure p(X,φ), upto second order in δφ , the Hamiltonian for the fluctuations
takes the form [24]
H = (pX + 2XpXX)
(δφ˙)2
2 + pX
(∇δφ)2
2 − pφφ (δφ)
2
2
where suffix stands for differentiation with respect to the corresponding variable [25].
The above hamiltonian will be positive definite provided
pX + 2XpXX ≥ 0, pX ≥ 0, − pφφ ≥ 0 (21)
and quantum stability is related to to the first two of the above conditions.
11
TABLE IV. Eigen values of the linearized perturbation matrix and local stability
Eigen values Trace of the linearized
matrix
Determinant of the
perturbed matrix
Nature of the critical
point
Eigen values with zero real part
0 +ve Non-hyperbolic
Eigen values with positive real
part +ve +ve Hyperbolic : source
(unstable)
Eigen values with negative real
part -ve +ve Hyperbolic : sink
(stable)
Eigen values with different signs
indefinite -ve Hyperbolic : saddle
For the present problem, C2s = 1 + α
2y2
3x and so for classical stability 3x
2 + 2αxy2 ≥ 0
for quantum stability
3x2 + 2αxy2 ≤ 0 and 18x2 + 2α2y2(y2 − 2x2) + 3αxy2(3 + y2 − x2) ≥ 0,
We have shown both classical and quantum stability criteria of the model for the choices of α in the
table V.
We shall now examine whether criteria for model stability is obeyed at equilibrium points when
x and y take the corresponding values of equilibrium points. From the table II, we see that we can
not infer about the stability of the model at the critical point E1. The equilibrium points E2 and
E3 are not locally stable and from the above model stability analysis, they correspond to classical
stability but not quantum. The equilibrium points E4 and E5 correspond to classical stability of the
model if α2 > 92 and as before they are not quantum stable. Finally, the equilibrium points E6 and
E7 are classical (limiting) but not quantum stable. Similarly, from table III, we see that four stable
equilibrium points E10, E11, E12 and E13 are both classical and quantum unstable. E8 and E9 are
not model stable.
12
TABLE V. Stability Criteria of the Model
Choice of α C2s Classical stability Quantum stability
Case -I
α constant
1 + 2α y
2
3x
3x2 + 2αxy2 ≥ 0 3x2 + 2αxy2 ≤ 0 and
18x2 + 2α2y2(y2 − 2x2) + 3αxy2(3 + y2 − x2) ≥ 0
Case-III
α = − 1
2x
1− y2
3x2
y2 ≤ 3x2 y2 ≥ 3x2 and
(y2 − 6x2)2 + x2y2(1 + 3x2 − 3y2) ≥ 0
VI. EQUILIBRIUM POINTS AND COSMOLOGICAL IMPLICATIONS
From the above phase space analysis of the phantom scalar field model, we shall now discuss about
the cosmological behaviour of the model at the equilibrium points. From table II, corresponding to the
equilibrium point E1, the solution corresponds to the standard Milne model and is not of much interest
due to instability of the critical point. Both the critical points E2 and E3 correspond to a massless
scalar field or equivalently stiff perfect fluid FRW model and they are only classical stable. The
equilibrium points E4 and E5 purely describe scalar field solutions in FRW model and are classically
stable for the restriction α2 > 92 for which the critical points are unstable. E4 represents late time
attractor for α2 < 3 and then critical point is stable but classical stability is denied. The remaining
two critical points E6 and E7 are limiting stable only classically and they represent non accelerating
matter scaling solution provided α2 > 92 for which it is locally stable (node) .
In table III, the critical points , E8 and E9 describe massless scalar field in FRW model and they
are not of much interest as they are unstable node in nature. The remaining four critical points E10,
E11, E12 and E13 are stable (node) from local linear analysis and at these points the potential energy
dominates over the kinetic part and the scalar field behaves as exotic fluid. Thus, these critical points
correspond to cosmological solutions which describe the recently observed late time acceleration of
the universe. It should be noted that although the critical points (E4, E5) or (E6, E7) have identical
behaviour but from cosmological viewpoint they are not identical. As y > 0 for E4 and E6, so they
correspond to expanding universe while E5 and E7 represent contracting universe. Similar is the
13
situation for (E10, E12) and (E11, E13) in table III.
VII. SHORT DISCUSSION AND CONCLUSION
The present work deals with a compact phase space analysis of a class of phantom scalar field
cosmology, with the motivation of obtaining late time accelerating solutions compatible with obser-
vations. At first the evolution equations are reduced to a 3D autonomous system for exponential
potential and exponential or power law coupling parameter . In both the cases the critical points are
identical and are non-hyperbolic in nature . So linear stability analysis fails, only the dimension of
the stable manifold is determined by central manifold theorem. Then we have studied the evolution
equations as 2D autonomous system for three choices of the phantom scalar field potential. We have
obtained the critical points and presented the conditions for their existence and stability in tabular
form for two choices of the scalar field potentials while for the third choice of the potential we have
only two critical points which do not correspond to realistic cosmological scenario and hence we have
omitted them. The value of the physical parameters Ωφ, νφ and Ωm are also presented in tables.
Further, we have investigated the classical as well as quantum stability of the model. Note that these
two types of stability are not interrelated because the stability of a critical point is related to the
perturbations δx and δy ( and for the present 2D model the restriction is TrM < 0 and detM > 0).
On the other hand,the classical stability of the model is connected to the perturbations δp (and de-
pends on the condition C2s ≥ 0 ) while the quantum stability is related to the perturbations δφ and
the conditions take the form of inequalities (21). Thus the critical points can be classified into three
categories namely
(a) unstable points at which the model is stable,
(b) stable points at which model is unstable and
(c) stable points with stable ( both classical and quantum ) model.
Obviously, the case (c) is interesting from cosmological point of view. From table II and III, we see
that above (c) possibility is not valid for any critical point, although the critical points E4, E6 (in
table II) and two critical points in table III, namely E10, E11 are interesting in the present context.
Matter scaling solutions are not relevant attractors at late times. Thus we conclude that though there
are late time attractors with phantom scalar field but they are quantum mechanically unstable and is
in agreement with the work of Ref [26].
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